arXiv:l502.00168vl [math-ph] 31 Jan 2015 


ON THE ROLE OF SHARP CHAINS IN THE TRANSPORT 

THEOREM 

L. FALACH AND R. SEGEV 


Abstract. A generalized transport theorem for convecting irregular 
domains is presented in the setting of Federer’s geometric measure the¬ 
ory. A prototypical r-dimensional domain is viewed as a fiat r-chain of 
finite mass in an open set of an n-dimensional Euclidean space. The 
evolution of such a generalized domain in time is assumed to be in ac¬ 
cordance to a bi-Lipschitz type map. The induced curve is shown to be 
continuous with respect to the flat norm and differential with respect 
to the sharp norm on currents in R™. A time dependent property is 
naturally assigned to the evolving region via the action of an r-cochain 
on the current associated with the domain. Applying a representation 
theorem for cochains the properties are shown to be locally represented 
by an r-form. Using these notions a generalized transport theorm is 
presented. 


1. Introduction 


Reynolds’ transport theorem [ 25] , offers a general form for the formulation 
of basic conservation laws in continuum mechanics and in particular in fluid 
dynamics. The traditional formulation of Reynolds theorem (or Leibniz- 
Reynolds theorem) deals with the time derivative of the integral of u(t), 
a time dependent scalar field, over a time evolving spatial region V(t) in 
a Euclidean physical space. The region V{t) is assumed to be the image 
of a domain under a smooth motion, where the domain is assumed to be 
sufficiently regular such that the classical divergence theorem is applicable 
(for example a Lipschitz domain). The transport theorem states that 
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with u. the unit exterior normal to the boundary dV and V the velocity as¬ 
sociated with the smooth motion. It is noted that the proof of the Reynolds’ 
transport theorem is attributed by Truesdell and Toupin ]29l p. 347] to Spiel- 
rein (1916). 

In the study of deforming thin films or evolving phase boundary a trans¬ 
port relation for surface integrals is of interest. Such a theorem is usually 
refereed to as Surface Transport Theorem. It seems that the basic notions of 
surface transport theorem in the setting of continuum mechanics were first 
introduced in m with the introduction of the surface divergence operator. 
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Betounes [3], examined the kinematics of an r-dimentional submanifold em¬ 
bedded in an n-dimentional semi-Riemannian manifold. Betounes’s formu¬ 
lation brings to light the strong dependence of the formulation of the surface 
transport theorem on the availability of the mean curvature normal. In m 
Gurtin et al. formulated a surface transport theorem for moving interfaces 
while additional study and applications were presented in |12( |2j HSJ Q31 [14], 
to name a few. 

In the aforementioned versions of the transport theorem, the regularity of 
the evolving domain is tacitly assumed. The inclusion of irregular domains, 
where such notions as the exterior normal and mean curvature normal not 
applicable, in the formulation of the transport theorem has been presented 
recently in [271 [28] . Seguin Sz Fried construct a generalized transport theorem 
using the setting of Harrison’s theory of differential chains (see [181 [17]). The 
proposed formulation allows for singularities to evolve in the domains, e.g., 
the domains may develop holes, split into pieces and the fractal dimensions 
associated with the domain considered may change. As their formulation 
of a transport theorem relies of a dual relation between the domains and 
the properties considered the resulting representation for theses properties 
is fairly regular. 

In [7], a transport theorem is presented in the setting of general manifolds. 
The domain of integration considered is viewed as a de-Rham current of 
compact support thus including highly irregular domains. The domain is 
assumed to evolve under a smooth map and integration of a given property 
in the classical theory is replaced with the action of the evolving current on 
a smooth differential form. 

In the present work we wish to present a version of the transport theorem 
in the setting of Federer’s geometric measure theory. A generalized domain, 
or a control volume, is viewed as a flat r-chain of finite mass T. The current 
T is assumed to evolve under the action of k, a time dependent bi-Lipschitz 
homeomorphisms. With I C M representing a time interval the control 
volume at time t € I is represented by the flat r-chain Kt#T, given by 
the pushforward of T by Kt = K(t). A considerable portion of this work is 
dedicated to the study of the properties of the induced curve t H > Kt#T which 
is shown to be continuous with respect to the flat topology of currents and 
differentiable with respect to the sharp topology of currents. The integration 
of a given property over the domain is generalized to the action of an r- 
cochain on the current. 

It is observed that Lipschitz continuity arises naturally as a characteristic 
of the proposed setting both is the resulting representation of properties, by 
sharp forms, and in the regularity of the motion, independently. 
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2. Notation and Preliminaries 


In this section we review some of the fundamental concepts of the theory 
of currents in an n-dimensional Euclidean space. Throughout, the notation 
is in the same spirit of |§J Chapter 4]. 

Let U be an open set in R n , the notation D r (U) is used for the vector 
space of smooth, compactly supported real valued differential r-forms defined 
on U. The vector space T) r ( U ) is endowed with a family of semi-norms || • || i K 
such that for a compact K <ZU and i £ N, 

\\<t>\\i,K = su p{|| Z> 7< K x )|| \ x€K, 0 <j<i}. 

(Here, the norm ||Z> 7 </>(;r)|| is induced by some norm on tensors in R n .) This 
family of seminorms endows T) r (U) with a locally convex topology. For 
4> G & r (U) we use d(j) to denote the exterior derivative of <f>, an element of 
D r+ 1 (U). A linear functional T : T) r {U) -A R continuous with respect to the 
topology on 'D r (U) is referred to as an r-dimensional de Rham current in U . 
The collection of all r-dimensional currents defined on U forms the vector 
space T> r (U) = [£> r (I7)]*, the dual vector space of Q r (U). Let T £ T> r (U) 
with r > 1 then, dT . the boundary of T, is the element of D r _i(U) defined 
by 

dT((f>) = T(d(j)), for all 0 € D r “ 1 (C7). (2.1) 

Thus, we have the boundary operator d = d*, the adjoint operator of the 
exterior derivative. The support of a current T £ T> r (U) is defined by 

spt (T) = U\ \JW, (2.2) 

where each W is an open subset of U such that T((f>) = 0 for all (j) G D r (U), 
with spt (cf>) C W. Generally speaking, the support of a current T G D r (U) 
need not be compact, however, in this work all the currents considered will 
be of compact support. 

The inner product in W 1 induces an inner product in /\ r R n , the vector 
space of r -vector in M ra , and |£| will denote the resulting norm of an r -vector 
£. An r -vector £ may be written by £ = ^AeA(rn) ^ e A where A(r, n) is the 
collection of increasing maps from {1,..., r} to {1,..., ??.}, and {e^} is the 
standard basis for /\ r R n defined by e\ = A • • • A Thus, with the 

above notation, |^| = \J(£, £) = yj (£ A ) 2 . Given (j) G T) r (U), for every x G U, 
4>(x) is an r-covector. For (j){x), as well as any other covector, one defines 


||0(x)||o = sup{0(x)(O | |^| <1, i is a simple ?’-vector} . (2.3) 


For a compact subset I\ C U, define the A'-Lipschitz constant of (f> G T> r (U) 
by 


£<p.K 


sup 

x , y£K 


U(y) -0(g)ll o 

I y - x\ 


(2.4) 


In addition to the topology of test functions, three additional topologies will 
be examined on D r (U ) each of which is induced by a corresponding family of 
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semi-norms. For K C U the K-comass semi-norm of <f> € £> r (U) is defined 
by 

M k (0) = ess sup {||<X*)|| 0 } , (2.5) 

x£K 


the K-flat semi-norm, on D r (U) is defined by 

Fk (0) = ess sup {||#r)|| 0 , ||#(x)|| 0 } , 
x£K 


( 2 . 6 ) 


and the K-sharp semi-norm on T> r (U) is defined by 

Sk (0) = sup (sup ||^(x)|| 0 , (r + 1 )£</>, k\ • (2.7) 

U eK J 

The factor (r + 1) in the above definition is introduced so that 


F k {4>) < S K {4>) i for all <f> G D r (U). (2.8) 

(The essential supremum is used above in spite of the fact that we consider 
smooth functions because we are going to apply below these definitions to 
essentially bounded functions.) Later on, when the ess sup in each of the 
above terms is evaluated over U, we shall write M ( q i>), F ((f)) , S (< ) i>) for the 
mass, flat and Sharp norms, respectively. 

For T € T> r (U), the mass of T is dually defined by 

M (T) = sup {T (</)) | 0 g D r ( U ), M (0) < 1} , (2.9) 

and 

M k (T) = sup {T (<j>)\(/)€ (U ), M K (0) < 1} . 

An r-dimensional current T is said to be represented by integration if there 
exists a Radon measure pr and an ?’-vector valued, /ir-measurable function, 
3^, with yf* (x)| = 1 for ^^-almost all x G U, such that 

T (<f>)= [ <j)(f)dp T , for all </> € T) r (U). (2.10) 

Ju 

A sufficient condition for an r-dimensional current, T, to be represented by 
integration is that T is a current of locally finite mass, i.e., Mr (T) < oo for 
all compact subsets K C U. An r-current T of compact support is said to 
be a normal current if both T and dT are represented by integration. The 
notion of normal currents leads to the following definition 


N(T) = M(T) + M(dT), (2.11) 

and clearly, every T G 'D r (U) such that N (T) < oo is a normal r-current. 
The vector space of all r-dimensional normal currents in U is denoted by 
N r (U) and for a compact set K of U, 

N T)K (U) = N r (U) n {r I spt (T) C K} . (2.12) 

The K-flat norm on T) r (U) is given by 

Fr (T) = sup {T ((/>) | F k (fl) < 1}. 


(2.13) 
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It follows naturally from the foregoing definition that 

F k (dT) < F k ( T ). (2.14) 

Note that if T E T) r ( U ) such that Fk ( T ) < oo, then, spt(T) C K. For a 
given compact subset K C U, the set F t k(U) is defined as the Fx-closure 
of N r j<(U) in T) r (U). In addition, set 

F r {U) = \jF r , K (U), (2.15) 

K 

where the union is taken over all compact subsets K of U. An element in 
F r (U) is referred to as a flat r-chain in U. 

For T E F r k(JJ) it can be shown that Fk(T) is given by 

F k (T ) = inf {M (T - dS ) + M (S) \ S e £ r+ i (U), spt(S) C K} , (2.16) 

and by taking S = 0 it follows that 

F k (T)<M(T). (2.17) 

In addition, any element T E F r k (U) may be represented by T = R + dS 
where R E D r (U), S E D r+ i(U), such that spt(if) C K, spt(S) C K, and 

F k (T) = M (R) + M (S) , (2.18) 

so that R and S are of finite mass. By Equation (12.1411 we note that the 
boundary of a flat r-chain is a flat (r — l)-chain. 

The following representation theorem for flat chains is given in [H Section 
4.1.18]. Let T be a flat r-chain in U, then, T is represented by 

T = L n Ar/ + d (L n A £), (2.19) 

with r] an L n l. U -summable r-vector field and ^ an L n l f7-summable (r + 1)- 
vector field Here, L n \_U denotes the restriction of the n-dimensional 
Lebesgue measure to U and for any p-current T and any r-vector held r/, the 
(p + r)-current T A p is given by 

T A 77 (V>) = T(^l?7). 

For 0 E (D r (U), the action is given therefore by 

T(0)= [ ^( V )+dm)dL n . (2.20) 

Ju 

A real valued linear functional X defined on F r (U) is said to be a flat r- 
cochain in U if there exists a number c < 00 such that for any K C U 
compact subset 

X (T) < cF k (T), for all T E F rJ< (U). 

The inhmum of all bounds c is the norm of X. An r-form oj in U is said to 
be a flat r-form in U if oj and du, taken in the distributional sense, are .Im¬ 
measurable and essentially bounded (see m p. 38]). That is, a measurable 
r-form w is a flat r-form in U if and only if F(uj) < 00. An important result, 
Wolfe’s representation theorem (see m ch. 7 ], m sec. 4.1.19]), states that 
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each flat r-cochains X can be isometrically identified with a flat r-form in 
U. 

The notion of sharp chains was initially introduced in Whitney’s classical 
monograph [30]. In the following we present a construction in the spirit of 
the formulation of the theory of flat chains in [8] (who does not consider 
sharp chains). 

The K-sharp norm on T) r ( U ) is given by 

S K (T) = sup {T ((/)) | S K {4>) < 1} • (2.21) 

For a given compact subset K C U, the set S Tj k (U) is defined as the Sk~ 
closure of N r ^{U) in T> r (U). In addition, we set 

S r (U) = \JS r , K (U), (2.22) 

K 

where the union is taken over all compact subsets K of U. An element in 
S r (U ) is referred to as a sharp r-chain in U. Note that as F r MU) c s r , K (u) 
and the set N t k (U) is a dense set in both F r x (U) and S r K (U), it follows 
that every sharp r-chain may be viewed a the limit, in the sharp topology, 
of a sequence of flat r-chains. A representation theorem for general sharp 
chains is beyond the scope of this work, however, for sharp chains of finite 
mass such a representation theorem may be found in |30l Chapter. XI]. 

Let X be a real valued linear functional defined on S r (U), then, X is said 
to be a sharp r-cochain in U provided there exists a number b < oo such 
that for any K C U compact subset 

X (T) < bS K (T) , for all T G S r . K (i U). 

The infimum of all bounds b is the norm of X. An r-form u in U is said 
to be a sharp r-form in U if the coefficients of u are bounded and Lipschitz 
continuous, i.e., u is a sharp r-from if and only if 

S (u>) = sup < sup ||w(x)|| 0 , (r + l)£u > < oo. 

Uef/ J 

Theorem 2.1. Let X be a sharp r-cochain in M n . Then, X can be isomet¬ 
rically identified with Dx, a sharp r-form . in M n . That is, for any flat chain 
given by T = L n A rj + d ( L n A £) 

A (T) = f [D X ( V ) + dD x (£)] dL n . 

For a sharp r-chain, T, as flat chains are dense in the space of sharp chains 
we have T = lirrif^^ T t and 

X (T) = lim X ( Ti ). 

i —^oo 

For the proof see [30] Section V.10] 

Let U C M n , V C M m be open sets and let T G T>k(U), S G ®i(V). Then, 
the Cartesian product of T and S is an element of T)k+i (U x V ) denoted by 
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T x S and defined as follows. Let i j £ D k+l (U x V) be given by 

w = ^2 u ap(x, y)dx a A dyP, 

M=&>l P\=i 

where x € U , y £ V , and a, /3 are multi-indices. Then, 


T x S(w) = T ap(x,y)dyP J cfo a J • (2.23) 

\l«l=fc \l^l=i / / 

For the properties of the Cartesian products of currents see m Section 
2.3]. Let U C M, then, the line segment [a, b] C U defines naturally an 
element of Si ( U) such that for 0 £ Si (V) = (V)the action [a, b\{4>) 
is [a,b](cf>) = f b (j)(t)dLj. Consider the case of T £ S r (U), then, a given 
uj £ S r+1 (V x U) may be split into a horizontal and a vertical component 
in the form u = ujh + wr by 

oj H {t,x) = E x)dtAdx a , Ljy(t,x ) = ^ ^ uiy Q {t, x)dx a , (2.24) 

|a|=r |ct|=r+l 

where, et is the pre-dual of dt. It is observed that 


U} Ha (t, x)dx a =WLet. 

\a\=r 

Applying Equation (12.231) to ([a, 6] x T) (w), 

rb rb rb 

([a, b] x T) (cj) = / T(wtf)d£t= / T (e t jw) dL\ = / e t A T{uj)dL\. 

J CL J CL J CL 

(2.25) 

Generally speaking, the Cartesian product of two flat chains is not a flat 
chain. However the Cartesian product of a flat chain and a normal current 
is a flat chain (see [8j Sec. 4.1.12]. 


3. Lipschitz maps 


In this section we briefly review some of the relevant properties of Lipschitz 
mappings. From the point of view of kinematics, Lipschitz mappings will be 
used to model the evolution of body-like regions in space. 

A map J- : U —> V from an open set U C M n to an open set V C M m , is 
said to be a (globally) Lipschitz map if there exists a number c < oo such 
that \J~(x) — J-(y)\ < c|x — y\ for all x, y £ U. The Lipschitz constant of T 
is defined by 




sup 

x, y&U 


\F{y) - F{x)\ 
I y - x\ 


(3.1) 


The map T : U —>■ V is said to be locally Lipschitz if for every x £ U there 
is a neighborhood U x C U of x such that the restricted map T 1^ is a 
Lipschitz map. For a locally Lipschitz map, J- : U —t M m , defined on the 
open set U C M n and a compact subset K C U, the restricted map J~ \k is 
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globally Lipschitz in the sense that the it'-Lipschitz constant of the 

map T | k, is given by 




\Hx)-Hv)\ 

. . 

x,y£K |*£ V | 


(3.2) 


The vector space of locally Lipschitz mappings from the open set U C R n 
to R m is denoted by £ (?7, R m ). For a compact subset K C U, define the 
semi-norm 

\\F\\z,k = maxlHJ - IatIIoo , £f,k} , (3.3) 

on £ ( U , R m ), where, 

II J 7 \k 11oo = sup |.F(a;)|. (3.4) 

x£ K 

The vector space £ (U, R m ) is endowed with the strong Lipschitz topology 
(see [9] for the definition on Riemannian manifolds). It is the analogue of 
Whitney’s topology (strong topology) for the space of differentiable map¬ 
pings between open sets (see m p. 35]) and is defined as follows. 


Definition 3.1. Given T € £ (t/, R m ), for some index set A, let O = 
{OaIagA be an op® 11 ) locally finite cover of U C R n , and K, = 
a family of compact subsets covering U such that K\ C 0\ and 6 = {<5a}agA 
a family of positive numbers. A neighborhood B~ (J 7 , 0,5 , /C) of T in the 
strong topology is defined as the collection of all g € £ (17, R m ) such that 

ll-^ 7 — S' 11 Le., 

B*(F,0,lC,6) = {ge2(U, R n ) | ||.F - g\\^ Kx < S x , A € a} . (3.5) 

For an illustrative description for the strong topology in the case of C°- 
functions, see |20l p. 59]. 


The following lemma shows the strong character of convergence in the 
strong topology. For the proof in the case of differentiable mappings, see 
[231 P- 27] or [III p. 43], 

Lemma 3.2. Let be a sequence in £ (tZ, R m ). Then, the sequence 

converges to T € £ (U, R m ) in the strong Lipschitz topology, if and only if 
there exists a compact subset K C U such that J- a equals J~ on U\K for all 
but finitely many a’s and J- a \k converges to T \k uniformly. 


A map ip : U — V, for open sets U C R n , V C R m and m > n, is said 
to be a bi-Lipschitz map if there are numbers 0 < c < d < oo, such that 

c < 1^) -T{y)\ < d for all Xj yeU,x^y. (3.6) 

\x~y | 

(See [191 p. 78] for further discussion.) Setting L = max{i,d|, it follows 
that 

1 < \v(x) - <p(y)\ 

L ~ \x-y\ 


for all x, y € U, x ^ y, 


(3.7) 
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and in such a case (p is said to be L-bi-Lipschitz. (See [19] p. 78] for further 
discussion.) 

Definition 3.3. The map T : U —> V, where U C R n and V C R m are open 
sets such that m > n, is a Lipschitz immersion if for every iGi/ there is a 
neighborhood U x C U of x such that T \u x is a bi-Lipschitz map, i.e., there 
are 0 < c x < d x < oo, and 

c x < < d x , for all y, z € U x , y ^ z. (3.8) 

\V-A 

Definition 3.4. A Lipschitz map <p : U —>• V is said to be a Lipschitz 
embedding if it is a Lipschitz immersion and a homeomorphism of U onto 
p(U). 

The following theorems pertaining to the set of Lipschitz immersions and 
Lipschitz embeddings are given in [9] for the setting of Lipschitz manifolds. 
Their proofs are analogous to the case of differentiable mappings as in m 
p. 36-38], 

Theorem 3.5. The set of Lipschitz immersions is an open subset of £ ( U , R m ) 
with respect to the strong Lipschitz topology. 

Theorem 3.6. The set Tedi (U, R m ) is open in £ (U, M m ) with respect to the 
strong Lipschitz topology . 

In the following, a smooth embedding ip will be an element of the set 

Emb (U, R m ) = C°° {U, R m ) n £ Em (U, R m ) , (3.9) 

that is, a Lipschitz embedding whose components are smooth. 


4. The Image of Currents and Homotopy 


Let U C R n and V C R m be open sets, , and let / : U —> V be a map of 
class C°°. We recall that for any uo £ T> r (V), the pullback of u by /, is the 
r-form in U denoted by f#(ui) such that 


f*(u)(x) (vi A ■ ■ ■ A v r ) = u (f(x)) (Df(x)vi A • • • A Df(x)v r ), 


= w(/(x)) 


/ \Df(x ) (ui A • • • A v r ) 



(4.1) 


for any collection of vectors v\,... ,v r £ R n . Note that /# (co) need not be 
an element of T) r (U). For example, let / : JJ —> R" be the inclusion then 
for u £ D r (R n ) such that spt(w) fl U ^ 0 and spt(w) D (R n \U) 0 then 
/# (u) is not compactly supported in U an thus (w) 0 D r (U). 

Let T £ D r (U) such that / | sp t(T) is a proper map. The pushforward of 
T by / is denoted by f#(T) £ ® r (y) and is defined by 

f#(T) ( W ) = T ( 7 A f*{u)) , for all u; £ T) r (V), 


(4.2) 
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where 7 G Q°(U) is any cutoff function satisfying 

spt(T) fl f^ 1 (spt(cj)) C Intjx j 7 (x) = 1} . 

For T G D r (U) with spt(T) C K, where K is a compact subset of U, we 
have the following bounds 

M(f#(T))< sup \\Df(x)\\ r M(T), 

v ' x&K 

N (j f*(T )) < sup {\\Df(x)\\ r -\ \\Df(x)\\ r } N (T), ( 4 . 3 ) 

v ' x&K 

Ff{K } (. f*{T )) < sup{\\Df(x)\\ r ,\\Df(x)\\ r+1 }F K (T). 

v ' x£K 

Let U C W l be an open set and let / and g be smooth maps of U into 
For an open set A of R such that [a, b] C A, a smooth homotopy between 
the maps / and g is a map 

h : A x U -> M m , (4.4) 

such that 

h(a,x ) = f(x), and h(b,x ) = g(x), for all x G U. (4.5) 

Henceforth, the following notation will be used 

h T {x) = h(r,x), for alia: G ?7, (4.6) 

and 

h T : U —^ M m , /i r (x) = Dh(r,x) (1,0) = —(t,x), for all x & U. 

For T G ® r (U) and a homotopy /i between / and g, the h-deform.ation chain 
of T is defined as the current 

MM XT) GD r+ 1 (M m ). (4.7) 

Traditionally, the interval [a, 6] is taken as the unit interval [0,1]. The prop¬ 
erties h#([a,b\ x T) are further investigated in [8j Section 4.1.9] and [ TUI 
sec. 2.3]. A fundamental tool is the following formula 

g# (T) - / # (T) = dh # ([a, b\ x T) + h # ([a, b] x <9T), (4.8) 

which is referred to as the homotopy formula for currents. 

Let T : U —>• V be a locally Lipschitz map, the image of a general r-current 
under a locally Lipschitz map is generally undefined as for any c o G D r (V) 
the fullback J 7 # (ui) need not be a smooth differential r-form in U, moreover, 
the coefficients of are not necessary Borel functions. For a normal 

current T G N r ( U ) one can define, see [TDl Sec. 2.3], the pushforward of T 
by the locally Lipschitz map T as the following weak limit 

( T) (cu) = lim { ((<&„ * T) (w)} , 
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where {4>p * F} p is a sequence of smooth approximations obtained by molli¬ 
fication of F (see [8] Section 4.1.2]). The strong convergence of the sequence 
is proven by Equation (14.8j) . as the sequence |(<Lp * J 7 )^ T j is shown to 

be a Cauchy sequence in the Banach space of flat r-chains. (See (8] Section 
4.1.14].) 

The operator F# : Ay. x (U) —> A 7 r jr{ (V) is continuous with respect 
to the flat norm and thus extends (we keep the same notation) to F# : 
F r , K (U) —> (V). For T £ T) r {U) with spt (T) C I\, the bounds 

presented in Equation (14.3p are replaced with 

M(F#(T)) < sup (2 T , K ) r M(T), 

xeK 

N(F # (T)) < sup{(£^) r - 1 ,(fi^) r }jV(T), (4 . 9) 

F H k } ( J T #(T)) < sup { (2^ K ) r , (^,K) r+1 | F k (T). 

For T £ N r>K (U) the existence of F#(T) £ F r jrs K ^(V), and the second 
bound in Equation (14.91) . imply that F#(T) £ Ay S{K} (Y). 

Alternatively, one may define the pushforward F#(T) by utilizing the 
duality of flat chains and flat forms and setting 

F#(T)(u) = Xj# (u) {T), for all w £ ST (w). 

By Rademacher’s theorem the derivative a Lipschitz mapping exists for L n - 
almost every x £ U. Thus, Equation (14.11) is meaningful for L n -almost every 
x £ U and F#(uj) is a flat r-form in U. It follows that is a flat 

r-cochain and the action Xj^r^XT) is well defined. The homotopy theorem 
for currents, and in particular, the homotopy formula given in Equation (14.81) 
discussed above for smooth maps, is therefore extended to maps h : AxU —> 
M m which are locally Lipschitz maps. We note that a similar definition and 
Wolfe’s representation theorem are applied in [30] Sction X.9], to define the 
pullback of a flat form by a Lipschitz map. 

5. The Lie derivative 

In this section we examine the regularity of the Lie derivative of a dif¬ 
ferential r-form. Cartan’s (magic) formula is a key element in the following 
analysis and as a first step we examine the contraction of a differential form 
by a smooth vector held. 

We first introduce a component representation that will be useful through¬ 
out this section. The summation convention will be used unless otherwise 
stated. Let v = i/e*, e* = a /dx l . and uj = u\dx x with A £ A (n, r + 1). Then, 

wlu = (u\dx x ^J l ( y l ei ) = v l u\dx x l e*, (5.1) 
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and the exterior derivative of uj l v is given by 

d(u l v) = . dx^ A [dx x l e^j , 

= (vjLO a + dx^ A (dx x l e* 

Consider the ilf/^-seiriinorm of wlu and recall that 

Mk (wuj) = ess sup {|| (uj l u) (x)||) . 
x£K 


(5.2) 


(5.3) 


The r-form un has C(n,r ) components each of which is a sum of (n — r) 
terms each of which is a multiplication of a component of uj with a component 
of v. Hence, 

Mk (ui\-v) < C(n, r) sup ||u(x)||Ma' (uj) . (5.4) 

xe k 


Remark 5.1. For a smooth vector field, v : U —>• M n , and uj G D r (U) 
such that spt(u;) C K , note that spt (d(uj u v)) C K and the components 
of d(v -i u) are functions in (U). Thus, 

M (d(u lu)) = ess sup {||d(cu l u)(.x)||} < oo. 
x(ElK 

However, one cannot find a C < oo such that 

sup {||d(w l u)(x)||} < C ||u|| £ K sup {||do;(x)||} . 
x£K ’ xdK 


Definition 5.2. The Lie derivative of the differential form uj G D r ( U ) with 
respect to the vector field v on U is the differential r-form in U denoted by 
C v uj and defined by 


<pf (£vu) = 


d_ 

dt 



(5.5) 


where <p : M x U —> U is the flow associated with the vector field v |1] p. 370]. 


The classical Cauchy-Lipschitz theory asserts the existence of a flow for 
v, a time dependent vector field which is Lipschitz continuous in the spatial 
variable and uniformly continuous with respect to the time variable I2U Sec. 
IV. 1]. The existence of flows for vector fields with reduced regularity, such 
as vector fields of bounded variation, is an active field of research and for 
further discussion see [T| and references cited therein. It is noted that in the 
rest of this work the existence of a flow for the Lipschitz vector field follows 
from the assumptions regarding the motion described below. 

The Lie derivative of a differential form uj with respect to the vector field 
v satisfies the identity 

C v uj = d{u) uv) + dui uv, (5.6) 

which is commonly known as Cartan’s (magic) formula. Note that in case 
v is a smooth vector field on U, it follows that C v u G 5V (U) for every 
w G 5 Y{U). 
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Lemma 5.3. Let ui £ T) r (U) and let v : U —> M n be a smooth vector field. 
Then, there exists a constant C (n, r) such that 

M k (£ v u ;) < C(n, r)S K (u ;) ||v|| £iAr . (5.7) 

Moreover, the Lie derivative of a sharp r-form with respect to a smooth vector 
field, taken in the weak sense, is an r-form of locally finite mass. 

Proof. By Equations (15.11) . (15.2|> and (15.61) . a local representation of the Lie 
derivative C v u is given by 

C v uj = D(uj)(v) + VjLj\dx^ A ( dx A l e^j . (5.8) 

For a given A £ / \(n,r ), the contraction dx x cei does not vanish for r base 
vectors efc.For a selection of A and k such that dx'*' l ej. 0, the wedge 
product did A (dx x ceff) will not vanish for a subset of {dx^} containing 
(n — (r — 1)) elements. Hence, 

Mjc (Ajw) < Mk (D(lj)(v)) + Mr (v l jU}\dx^ A (dx x j 

< 2u,k Halloo K + -rr——~ ( r ~ 1 ))M k (w) £ v ,k’ 

’ r! (n — r)\ 

< C(n,r) ||w|| £!li: Sjf(w). 

The extension to sharp forms follows from Rademacher’s theorem which 
implies that for a sharp form to, Dec exists almost everywhere in U. □ 

For a smooth vector held v : U —> R n defined on the open set U C M” and 
an r-current T £ T> r ( U ), the (r + l)-current v A T is defined by 

v AT (uj) = T (cvlv) , for all u £ D r+1 (U ). (5.10) 

As v is a smooth vector held it follows that ucv £ D r ( U ) and T(uld) is 
well dehned. 

By the remark preceding Definition 15.21 it follows that given T £ F r x (U) 
and a smooth vector held v : U —> M”, the (r + l)-current t) AT is not 
necessarily a hat (r + l)-chain. Moreover, even if T £ N r k (U) the current 
v AT may not be a hat (r + l)-chain. The analysis of v A T is a key element 
in what follows and the foregoing remark is an example for the restricted 
applicability of the hat norm. 

The contraction of a vector held and a differential form dehned above may 
be extended to include locally Lipschitz vector holds. Let oj £ O r+1 (U), 
where U C M n is an open set, and let v : U -A R n be a locally Lipschitz 
vector held. Define uo l v as the pointwise limit of the contractions with the 
mollihed vector helds * v, i.e., 
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We note that the convergence of the above limit is locally uniform with 
respect to x. In a similar manner to the estimate in Equation (15.41) we have 

Mk (wld) = lim Mk (w l (<f> p * v)) 

p —>0 

< lim C(n,r)e ss sup ||<J> p * v(x)\\Mk ( ui ) 
p -*- 0 xeK 

= C (n, r) ||?;||oo ,kM k (u) . 

For the Lie derivative of u € (D r ( U ) with respect to the Lipschitz vector 
field we have 


£ v u = lim (£$„* v oj) = lim (d (oj l (<h 0 * v)) + duj l (<3? 0 * v )), 

p-s-0 v p ' p—s-o ^ ^ 

where the above limit is taken with respect to the M (-)-semi-norm. The 
existence of the limit follows from the fact that 


lim ||$ 0 * v — vll 0 ^ = 0, 

p — p " 2 ’ K 

and the bound given in Equation (15.91) . Moreover, the bound in Equation 
(15.91) holds for locally Lipschitz vector field. 


6. Smooth Configurations and Motions 

Let B C M n and Id bounded open subsets. Recalling (13.9ft . a smooth 
motion m defined over the time interval X is viewed as a curve 

77i : X —>■ Emb (B, M n ). (6.1) 

We assume that the motion m is a C 1 -curve with respect to strong Lipschitz 
topology, that is, the derivative of the curve, denoted by rh, is viewed as a 
curve 

m :X —¥ C°° (£>, M n ) n £ (B, M n ), 
which is continuous with respect to the strong Lipschitz topology. 

The motion m, induces a map 

ip : I x B -)■ M n , (6.2) 

by 

ip(r,x) = m(r){x ), for all r € X, x G £>, 

and so 

Q 

— (r, x) = m(r)(x ), for all r € X, x G B. 

It follows from Lemma [3.21 that there exists a compact subset K m C B such 
that for any x 0 K m and every t, t' £ X 

<p(t, x) = p (t', x) . (6.3) 

Hence, for x £ K m and teX 

p (■t , x) = 0. (6.4) 

For some ( 6 X, set B' = pt {£>} and K' m = p t {K m }. By the preceding 
argument, B ' and K' m are independent of the particular choice of t G X. 
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Rem,ark 6.1. Equations (16.3116.4ft and the existence of K m are key features of 
the motion examined and stem from the use of the strong Lipschitz topology. 
A drawback to the use of the strong Lipschitz topology is in the relatively 
small supply of converging sequences of maps in the form of Equation (16.21) 
converging to a motion as given in Equation (16.11) . 

For each t £ I, (ft = m(t ) £ Emb(£>,M n ), so there exists an inverse 
r)t : image (ipt) = B' -A B such that <pt ° Vt = Ib’ with Iq< the identity map 
on the set B'. Consider the vector field 

v t : B' -A M n , v t = ipt o Vt, (6-5) 

viewed as a vector field on B' such that vt(y) = 0 for every x £ B'\K' m . The 
vector field vt is naturally extended to a vector field vt : M n —>• M n , by setting 


v t (x) 


Vt(x), x £ B\ 
0, x <]L B'. 


( 6 . 6 ) 


Thus,Dt is a smooth vector field which vanishes on . It follows that, 

v : 1 x M n -A R n , 


is a time dependent Lipschitz vector field defined on 
For s, t £ I, define 


Js,t{x) — 


Vs o Vt(x), x£B', 
x , x 0 B'. 


(6.7) 


As shown in [7], 


dJ s ,t 

ds 


(x) = v s {Js,t [x )), = x - 


( 6 . 8 ) 


The map J s j, is the flow associated with the time dependent vector field v. 
For u £ D r (M n ), 


a (4 


U) 


=s~ J s ,t {£v 3 (v) 


dr 


and as ipfuj = <pf it follows from Definition 15.51 and a direct com¬ 

putation that 


d (ytutj 


=t= vt (A* w ) • 


dr 


(6.9) 


We now derive a representation formula for the (^-deformation chain as¬ 
sociated with the motion ip : I X B — > R and a general current T £ D r (£>). 
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Let [a, b] C T, then, applying Equation (12.25ft to w £ D r+1 (M n ), one has 
V# ([a, b} x T) (w) = ([a, b] x T) (w)) , 

= J T (ft Mn) dL l T , (6.1.0) 

= [ T {yf ( w ) L e *) dL\. 

J CL 

J_L 

In order to examine the r-form Vt (u>) Let, we apply it to an r -vector £ which 
we can assume to be “space-like”, that is, £ = v\ A • • • A v r with Vi € M n , for 
i = 1,... ,r. Otherwise, (^pt ( ui ) i_e^ (£) = 0, identically. One obtains, 


vt (w) (a:) l e t J (£) = ^ # (w)(t, x)(e t Avi A ■ ■ ■ A v r ), 

= uo cp T (x) ^ D(p{r, , x) (e t ) A f\Dip r (x) (£) 

= w o <^ r (x) ^ r (x) A f\Dtp r (x) (£)1 , 

= ((uo<p T )i_<p T )(x) ^/\XV r (x)(£)l ■ 

As (p T {x ) = V T (tp T (x)) = V T O tp T (x), 

x) L (f) = ((w O <^ T ) l ( v t o ip T )) (x) l /\ Dp> r (x)^) 

\ r / 

= (w L v T ) O ¥> r (x) ^/\ -CVr 0*0(0^ , 

= ip* (ajLv r )(x)(£). 

ipf( w) Le t = V>f (wlD t ). 


( 6 . 11 ) 


( 6 . 12 ) 


It is concluded that, 


(6.13) 


Returning to Equation (j6. lOj) . note that the integrand may be rewritten 


as 


T(vf(uj)Let) = T(v*(. ujlVt)), 
= Vt#{T)(u> lv t ), 
= V T A <Pt#{T) (w) 

and Equation (16.101) assumes the form 


(6.14) 


rb 

<p#([a,b\xT)(u) = (v T A Vr#T)(ix)dL} r . (6.15) 

J a 
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Applying (14.811 to (14.811 . one finally has, 

(fPb# (T) - ip a # (T)) u = {dip# ([a, b\ x T) + p# ([a, b\ x &T)) w, 



■b 


[(Dr a ip r #T)(duj) + (D r A <p r #dT)(uj)\ dL \, 



■b 


[( p T #T) (du lD t + d{oj l D T ))] dL\, 



7. The Kinematics of Currents under a Smooth Motion 

This section is devoted to the examination of kinematic properties of gen¬ 
eralized domains. A generalized r-dimensional oriented domain, is naturally 
viewed as an r-current. In the selection of the appropriate class of domains, 
the collection of all r-currents is far greater than what we would consider as 
suitable. The selection of the appropriate class is motivated by the following 
guidelines. Firstly, a current representing a generalized domain must have 
a local character, at least in some measure theoretic sense. Secondly, such 
a current must have a definite, quantitative notion of a boundary.Finally, 
such a current should be well behaved under the image of a Lipschitz mapo 
The introductory discussion in Sections [2] and [4] indicates that a convenient 
choice for the class of domains is the collection of flat chains of finite mass. 
Thus, a prototypical control volume T, is viewed as a flat r-chain of finite 
mass in B. Using the properties of a motion we outlined above and the cor¬ 
responding notation of Section ( 6 ) we consider T E F r ,K m ($), where K m C B 
is the compact set containing the region where the motion is nontrivial. 

Remark 7.1. Let T E F r (B) and 7 : B —> R a locally Lipschitz function, the 
multiplication 7 A T is flat r-chain. Thus, a flat r-chain may represent not 
only a geometric domain but may also be represent some intensive property. 
See [ 6 ] for further details. 

Consider a map p induced by a motion as defined in Equation (16.211 and a 
flat chain T E F rj K m (B) such that M (T) < 00. The curve 1 1 —* p t # (T) will 
be viewed in this work as the time evolution of the control volume represented 
by the current T. 

Lemma 7.2. Let p be the map associated with a motion as defined by Equa¬ 
tion \6.2 j) and T E F r K m ( B ) a flat chain of finite mass. The curve induced 
by the pushforward 1 1 —> pt#T is a continuous curve with respect to the M K t - 
norm on T) r (R n ). 


^We feel that these requirement are in the spirit put forth by Noll & Virga in j 24] where 
the class admissible bodies should include all those that can be imagined by an engineer 
but exclude those that can be dreamt up only by an ingenious mathematician. 
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Proof. Let t G X and select e such that t + e £ I. Then, 


M K' m (Pt+e#T - <p t .#T) 


(Pt+e#T — <pt#T) uj 

o U-jJ , 

wgj) r (iR n ) (vj 

T - tpf u) 

SU P -Tr-TT-> 

LJGS r (R") M K' m l w j 


< sup 

o;GS r (R n ) 


M{T)M Km (p f +e u-4u) 

M I<'m M 


where the last line follows from the integral representation of T. For the 
term MK m ( Pt+e^ 0 ~ Pt u ) > a direct computation shows that 


M K m (ipf +E uj - ipf u?J 


16 K„ 


xeK„ 


sup < 

UJ (ip t+£ (x)) 

l« 

( 

l L 

' 

sup < 

UJ (y t+£ (x)) 

l« 

l [ 


+ sup { sup { UJ (ipt+E (x)) 

xeKm [ ? [ 

< sup \ sup \ UJ (<p t+e (x)) 

XGKm I £ ! 


f\Dipt + e(x){£) 

r 

/\Dpt+e(x){£) 
A D<pt(x)(Z) 


- UJ {(ft (x)) 

- W ( ipt+e (x)) 

-w(<Pt (*)) 


A^(*)(o 

A D<pt(x){£) 

, r 

A D M x ){0 


/\D{ip t+e -(pt)(x)(£) 


/\D<pt(x)(£) 

r 

— MK' m (w) (£ip t+e — ipt,Km) + i^iptjKrn) ^K! m (w O ~ U! O lf t ) . 


+ sup sup < (uj (<^ +£ (x)) - w (<p t (x))) 
XGKm I 5 I 


By the continuity of the motion with respect to the strong Lipschitz topol¬ 
ogy it follows that as £ -I 0 we have (£ v3t+e - ¥3t) R' m ) r —> 0. For the sec¬ 
ond term, as — PtWoo K m an< ^ s i nce w is smooth, it follows that 

M K ' m (uj o ipt+e — uj o ip t ) —)■ 0, which completes the proof. □ 


As considered in [7], for all uj € D r ( U ), 

J t {(Vt#T) (uj)) | t=r = j t (r<pt(ujfj | t=T , 

= T (jP* iw) lfcT )’ 

= T (ip# (A T w)) • 
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Thus, using Equation (I5.6|) 

T (ipf (Av w )) = Vt#T (d (uj l v T ) + (dw) l v T ), 

= (v T A d + d (v T A <Pt#T)) u. 

The foregoing result applies to general currents and is not restricted to flat 
chains of finite mass. It may also be written with the introduction of lZ.; !t = 
(Cy t )* as the dual operator of the Lie derivative, that is 

T (ft (£fit w )) = n vt (<Pi#T)u. 

Thus, for any de Rham current Tg3 r (R n ) 

K i]t (T) = v t AdT + d(v t AT). (7.1) 

It is observed that similar results have been reported in [5]. 

The previous analysis shows that the derivative r K'-Pt#T)/dt converges in the 
topology of D r (M n ). The following theorem considers the convergence of the 
limit above in the sharp norm topology. 


Theorem 7.3. Let ip be a map associated with a motion as defined by Equa¬ 
tion \6.2\) and let T E F r) K m (£>) l> e cl flat, chain of finite mass. The derivative 
pfi (<pt#T) \t= T , exists in the topology of Sx^ (R n ) and is given by 


^ {Vt#T) \ t=T = d (v T A ip r# T) + v T A d (<p T #T) 
Proof. By the homotopy formula (14.81) . we may write 


(7.2) 


l {vt .T) = lim 8 y*([nr + e ]xr)+y # ([T,r + e ]xar)^ 
dt £->0 £ 


Thus, 


~ S K' m (Pt+S# T - Tt# T - £ (d (■ Vt A + v t Ad (<p t #T))) 

_ 1 _ (Pt+s#T - -e(d ( v t A <p t #T) + v t A d (<pt#T)))u 

— SU P c / X ) 

e weD’'(R") ^K' m (W) 


1 

= - sup 

£ u}GD r (R n ) 


1 

< - sup 
£ udU r (R n ) 


j f t [( Vt A ip r# T){duj) + (v T A ip T# dT){uj)} dL l T 

\ S K'm M 

e (v t A <p t #T) ( du) + v t /\d {<p t #T) u 


Sx' (w) 


It +£ T (vt A) r w ) dL\ — eT ((tpf Cy t uj 






< sup < M ( T ) sup 

cjg£> r (R n ) | sg[i,t+e] 


S K' m (w) 

M K m (<pt Fy s UJ ~ iff Cy t UJ 


Sx' {co) 


. 
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For the term Mx rn (tpf C-v s w — tpf £v t ufj , one has the estimate 
M K m (tpf Cv.w ~ tpf A*w) 

< M K m (tpf £v s u ~ <pf Cv t u + tpf C it u ; - tpf Cy t u?j 

< M Km (ft £v s U - <pf A>t^) + M Krn (<pf £v t U - tpf C^uj 

< M K m (tpf (4-i.w)) + M Km (tpfc^u - tpf£v t u) • 

By Equation (I5.7|> . 

MK m (pf (£"O s —Vt UJ )') — (£<£ a,Km) ^K' m {£$s—Vt^) > 

< (£ip s , Km ) r C(n,r)S K ^(u) ||u a - vt\\ & ,K' m » 

and since ||h s — Vf 11 o K , —> 0 as s —> t, it follows that 

limM Km (tpf (Ce.-etu)) = 0. 

Applying Lemma 17.21 it follows that 

lim M Km (tpf£vtU ~ <pf £v t u) = 0. 

Setting 

rji %([M + i]xT)+^ # ([M + ^]xar) 

J-k ~ -X-> 

k 

we obtain a sequence {Tj.} of flat r-chains converging to Vt A d (tpt#T) + 
d{yt A <pt#T) in S r (M n ). As normal currents are dense in the space of flat 
chains one may obtain a sequence of normal r-currents converging to i)t A 
d (tpt#T) + d(v t /\ tpt#T) in the S^-norm. □ 

Remark 7.4. Note that the map 1 1 —> d (vt A <Pt#T) + Vt A d (tpt#T) need not 
be continuous with respect to the S K ' -norm, as Sk' (w) may depend of the 
second derivative of u E D r (R n ). As an example, consider the simple case 
ofBcM, and T E N(U) given by T{ u) = oo(xq) + du(x o). For v = ei, 

T (C v uj) = Did(x o) + D 2 u(x o). 

8. Lipschitz Type Configurations and Motion 

This section extends the foregoing discussion to non smooth motions. In 
particular, configurations represented by bi-Lipschitz maps, as well as the 
corresponding motions, will be examined. 

The definition of a motion, as introduced in Section [6] is generalized by 
considering curves of the form 

m : Z —>■ £ Em ( B,R n ), 


( 8 . 1 ) 
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which we assume are continuously differentiable with respect to the strong 
Lipschitz topology. Thus, the time derivative of the map is 

m : X —> £ (B , K), 


a continuous curve with respect to the strong Lipschitz topology. The motion 
m induces a map 

k:IxB-> M n , 


such that 

k(t,x ) = m(r)(x), for all r E I, x E -6, ( 8 . 2 ) 


and so 

k(t, x) = rh(T)(x ), for all t E I, x E B. 

Using the results of Fukui [9], we can make the analogous definitions of 
K mi K' ml and B' as in Section [6j We consider the flow J s j and the vector 
field v : X x W 1 —X as in the smooth case replacing ip with k. The vector 
field 


rIxR n -> M n , 


is a time dependent Lipschitz vector field on W L . As in the smooth case, 
we consider the flow J s j associated with the time dependent vector field v 
satisfying 

~^r{x) = v s (J S)t {x )), J t ,t{x)=x. 


For to £ 2D r (M n ) it follows that 


dr 


T=S — 


J* (£v s u ), 


where C{, s uj is the Lie derivative of uj with respect to Lipschitz vector held 
v s as discussed is Section [5j In particular, 


d{nfuj) 

dr 


r=t= nf 


UJ 


( 8 . 3 ) 


J_L 

We note that for a given uj € T> r (M n ), the curve t <—> k^uj is valued in 
the space of hat r-forms in B. As in section [6] the curve t i—>■ (T) is used 

to model the time evolution of the generalized domain. The main results 
described in Section [T] apply in the case of Lipschitz motions. 


Lemma 8.1. For the mapping k, as defined in Equation \8.2\) . and a flat 
chain T E F r ,K m (£>) with M (T) < oo, the curve 1 1—X (T),where (T) 
is defined in Section [7] by nt# ( T ) = linip^o (^p * ft t) (T), is continuous with 
respect to the Mx^-norm on D r (M n ). 
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Proof, let t £ X and select e such that t + e € I. Then, 


M K' m {^t+e#T - n t #T) 


= sup < lim 

w€£> r (IR n ) P -* 0 


< sup ( lim 

weD r (R n ) 


T (($ p * K t+£ )* OJ ~ ($p * K t )* w) 

M K' m (w) 

M (T) M Km (($ p * Kt +e )* u; - (<L p * Kt)* w) 

M K' (w) 


and as in the proof of Lemma 17.21 


M Km (($ P * Kt+e) # u-($p* K t )* uj 

< M K ' m (w) {^^ p *K t+e -^ p *nt),K m ) r 

+ {£<S> P *K t ,K m j r M K!m (w O ($ p * K t+ e) - U O ($ p * Kt)) . 


In addition, 


*&p*t»t) ,K m hm ( f I J p * (/. + e tit)), K rn ^Ht.+e tit,Km' 

We now consider the limit of the foregoing estimate when e —» 0. By the 
continuity of the motion it follows that £ Kt+e - Kti A' m —> 0 as e —> 0. The 
second term in the estimate above vanishes by the continuity of uj and the 
continuity of the mollified motion <& p * k with respect to the strong Lipschitz 
topology. In conclusion, 

lim M K , m ( K t+e# T - K t# T) = 0. 

□ 


The following theorem is a generalization of Theorem 17.31 

Theorem 8.2. Let k be a map associated with a motion as defined by Equa¬ 
tion 18.2]) and let T £ Fr,Km (&) be a flat chain of finite mass. The derivative 
4r (K t# T) \t= r , exists in the topology of Sk> (M") and is given by 

^ {K t #T) I t=T= d (y T A k t# T) + v T Ad ( k t# T). (8.4) 

Proof. We have to show that 

lim S K ' m ( ^ r+e * T ^ Kt * T - (<9 (fl r a k t# T) +v T Ad (k t #T))\ = 0. 

In an analogous manner to the proof of theorem 17.31 and as the homotopy 
theorem holds for the Lipschitz case, it follows that 
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:SK' m {Vt+e#T - ipt#T -e{d (vt A Vt#T) + v t A d (vt#T))) 


1 

< - sup 

£ u GS r (K n ) 


< sup < M (T) sup 


£jeD r (K n ) 


[T (ipfjC^u J j dL\ - eT ((vf^ t u 
Sk> (w) 

M K m (vt£*,W - (fitCvtuj 
Sj^i (w) 

- £V m v 7 


sG [t,t-b£] 


The term Mk m (vf £-v s u — Vt Ajt w ) ma Y be estimated as 

M K m (vt 4>,w ~ vt A* w ) 

< M K m (vf £v s u ~ vf £v t u + vf t w - vt 4") > 

(vf£v s u - vfUt") + M Km (vfC-vtU - vtUtu) , 


< M K m (vf (£«,-<*“>)) + M Km (vfCy t ut - vt£vt u ) ■ 

By Equation (I5.7|> we have 

MKm (vf ifiv.s—Vt^tj — (£<Ps,Km) (A) s —Dt^O ) 

< (£'p.,K m ) r C(n , r)S K > m {u) ||f) a - v t \\^ K i 7 
and since ||h s — udL K , — > 0 as s — > t, it follows that 

lim M i<m (vf (A) s - 0 t w)) = 0 . 

Lemma [8.1 1 implies that 

lim - vt Afcw) = 0 

which completes the proof. 


□ 


9. The Product Rule and the Transport Theorem 

In this section we apply the foregoing results to obtain a generalized for¬ 
mulation of the transport theorem for a region of any dimension, and in 
particular, the surface transport theorem. In view of the postulates for a 
motion described in Section [SJ we recall that for an r-current of finite mass, 
T € Frj<m (£*)) an d the map k, : X x B —> M n associated with a motion by 
Equation (18.21) . one has 

Kf# (T)eF rA (r), and (k* # (T)) € S r , K(n (P), for all t € X. 
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The standard transport theorem is concerned with the integration of a 
density of some extensive property over an evolving region. Here, the evolv¬ 
ing region is generalized and is represented by the evolving flat chain Kt# (T), 
and the extensive property at any instant is represented by a sharp cochain. 
As any sharp cochain is a flat cochain, the integration operation in the clas¬ 
sical formulation of the theorem is replaced by the action of a cochain on a 
chain. Thus, an evolving extensive property, if}, is viewed as a continuous 
curve in the space of sharp r-cochains, that is, a continuous mapping 

: i [s r onr. 

Moreover, we assume that the curve is differentiable in the topology of flat 
r-cochains in W 1 . That is, the limit 

lim X^r + e) -X^(t) 

£—>0 £ 

exists as a flat r-cochain, and it will denoted by X^(r). 

For each t € I the total of the extensive property in the flat r-chain T is 
therefore 

X^(k# (T))(f)=A>(f)( Kt# (T)). 

For the time derivative of A,/, (k# (T)), it easily follows that we have 

^ Y (r (T\\ — lim + s) ( K t+e# CO) — X^{t) («*# (T)) 

di x * (k * (T>) -1 ™-7-■ 

= (T)) + CO). 

By Equation (J8.4[) . it follows that 
j t (X it {K# (T))) | t=T 

= X^(r) (k t# (T)) + X^T) {d (v T A k t# (T)) + Vr A K T# (dT)) . (9.1) 

In the case where X^ is represented by a smooth differential r-form D^ and 
k is a smooth embedding we obtain 

^ (X^(t) ( Kt# (T))) \ t=T = (k t# (T)) (p^ + dD^ l v T + d (Dj/j l v T )^j , 

= k t # (T) ip4’ + , 

which is a generalization of [3J equation (TO)]. For a time dependent r-form 
D^,, using [T] pp. 367] and the notation of Section |8] it follows that 

\t= T = k* (A/,(t) + dD^(r)\-V T + d (D^(t) \_v T )^ . 

Applying the last expression to Equation (I9.1H . we obtain the following re¬ 
lation between the Eulerian and Lagrangian formulations of the transport 
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theorem 

j t (X^ (« # (T)) (t)) | t=T = (J- t 4 (X^t)) | t=r ) T. 

For the general case, the sharp r-cochain X.^ir) is represented by a sharp 
r-form D^,{t) and the sharp r-cochain X^(r) is represented by the flat re¬ 
form D^(t). As T is a flat chain of finite mass it may be represented by 
L n -integrable vector field T = r\ /\L n . It is concluded that 

(T))) | i=r 

= («v# CO) ( D^(t ) + dD^ (r) l n r + d l v t )J , 

= J K* ( T ) + dD^ (t) \-v T + d (D^ (r) l n T )^ (rj)dL™. 

As an example consider the situation where the flat form D^ satisfies 
Cauchy’s postulates. Then, associated with the property are a time de¬ 
pendent flat r-form D^ representing the source, and a time dependent flat 
(r — l)-form D^ representing the flux, such that the differential balance equa¬ 
tion for the property is (see m) 

D<ip + dD^ = Dfy. (9-2) 

Each of the forms above represents a flat cochain denoted by X u , X^. X^, 
respectively, such that 

X w + dX f = Xf. 

Thus, the transport formula assumes the form 

(O)) |t=r 

=X^(t) (k t# (T)) + X^t) ( T ) | t=T ) , 

=X^(t) (k t# (T)) + X^t) ( d (v T A k t# T) + v T A d (k t# T)) , 

= (Xt) (« # (T)) (r) + Cfy lD - X;) (« # (9T)) (r) + (0 (D A n # T)) (r). 
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